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Complete cohomology for extriangulated categories
Jiangsheng Hu, Dongdong Zhang∗, Tiwei Zhao and Panyue Zhou
Abstract
Let (C,E, s) be an extriangulated category with a proper class ξ of E-triangles.
In this paper, we study complete cohomology of objects in (C,E, s) by applying
ξ-projective resolutions and ξ-injective coresolutions constructed in (C,E, s). Van-
ishing of complete cohomology detects objects with finite ξ-projective dimension
and finite ξ-injective dimension. As a consequence, we obtain some criteria for the
validity of the Wakamatsu Tilting Conjecture and give a necessary and sufficient
condition for a virtually Gorenstein algebra to be Gorenstein. Moreover, we give
a general technique for computing complete cohomology of objects with finite ξ-
Gprojective dimension. As an application, the relationships between ξ-projective
dimensions and ξ-Gprojective dimensions for objects in (C,E, s) are given.
Keywords: complete cohomology; extriangulated category; proper class; Goren-
stein projective dimension.
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1. Introduction
Tate cohomology was established in the 1950s, based on Tate’s observation that the ZG-
module Z with the trivial action admits a complete projective resolution [13]. It was further
extended by Avramov and Martsinkovsky [5] to finitely generated modules of finite Gorenstein
dimension over Noetherian rings and by Veliche [33] to complexes of finite Gorenstein projective
dimension. On the other hand, Mislin [29], Benson and Carlson [10] and Vogel (first published
account in [21]), independently, generalized the theory to arbitrary groups. It was shown that
these theories are isomorphic, and complete cohomology is a common name for them. The theory
has also been extended to the setting of unbounded complexes by Asadollahi and Salarian [4].
Beligiannis developed in [7] a relative version of homological algebra in triangulated cate-
gories in analogy to relative homological algebra in abelian categories, in which the notion of
a proper class of exact sequences is replaced by a proper class of triangles. By specifying a
class of triangles ξ, which is called a proper class of triangles, he introduced ξ-projective and
ξ-injective objects. In an attempt to extend the theory, Asadollahi and Salarian [2] introduced
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and studied ξ-Gorenstein projective, injective objects, and corresponding ξ-Gorenstein dimen-
sions in triangulated categories by modifying what Enochs, Jenda [17] and Holm [23] had done
in the category of modules. Motivated by the properties of Tate cohomology in the category
of groups, Asadollahi and Salarian [3] developed a Tate cohomology theory in a triangulated
category C with a proper class of triangles, which was done for objects of finite ξ-Gorenstein
projective dimension. They showed that this theory not only shares basic properties with or-
dinary cohomology, but also enjoys some distinctive features. We refer to [31, 32] for a more
discussion on this matter.
The notion of extriangulated categories was introduced by Nakaoka and Palu in [30] as a
simultaneous generalization of exact categories and triangulated categories. Exact categories
and extension closed subcategories of an extriangulated category are extriangulated categories,
while there exist some other examples of extriangulated categories which are neither exact nor
triangulated, see [24, 30, 39]. Hence many results on exact categories and triangulated categories
can be unified in the same framework.
Let (C,E, s) be an extriangulated category with a proper class ξ of E-triangles. The authors
[24] studied a relative homological algebra in C which parallels the relative homological algebra
in a triangulated category. By specifying a class of E-triangles, which is called a proper class
ξ of E-triangles, the authors introduced ξ-projective dimensions and ξ-Gprojective dimensions,
and discussed their properties.
In this paper we attempt to develop a complete cohomology theory in an extriangulated
category (C,E, s) and demonstrate that this theory shares some basic properties of complete
cohomology groups in the category of modules category and Tate cohomology groups in the
triangulated category.
We now outline the results of the paper. In Section 2, we summarize some preliminaries and
basic facts about extriangulated categories which will be used throughout the paper.
In Section 3, for a given extriangulated category (C,E, s) with a proper class ξ of E-triangles,
we define ξ-complete cohomology groups based on ξ-projective resolutions and ξ-injective cores-
olutions of objects in (C,E, s) (see Definition 3.4). It is proved that vanishing of ξ-complete
cohomology characterizes the finiteness of ξ-projective dimension and ξ-injective dimension of
objects in (C,E, s) (see Theorem 3.10). As consequences, we give some criteria for the validity
of the Wakamatsu Tilting Conjecture; moreover, we give a necessary and sufficient condition for
a virtually Gorenstein algebra to be Gorenstein (see Corollaries 3.12 and 3.13).
In Section 4, we show first that an object M in an extriangulated category (C,E, s) has finite
ξ-Gprojective dimension if and only if M admits a split ξ-complete resolution (see Proposition
4.4). This lets us give a general technique for computing ξ-complete cohomology of objects
with finite ξ-Gprojective dimension (see Theorem 4.5). As an application, the relationships
between ξ-projective dimensions and ξ-Gprojective dimensions for objects in (C,E, s) are given
(see Corollary 4.7).
2. Preliminaries
Throughout this paper, we always assume that C = (C,E, s) is an extriangulated category
and ξ is a proper class of E-triangles in C. We also assume that the extriangulated category C
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has enough ξ-projectives and enough ξ-injectives satisfying Condition (WIC). Next we briefly
recall some definitions and basic properties of extriangulated categories from [30]. We omit some
details here, but the reader can find them in [30].
Let C be an additive category equipped with an additive bifunctor
E : Cop × C → Ab,
where Ab is the category of abelian groups. For any objects A,C ∈ C, an element δ ∈ E(C,A)
is called an E-extension. Let s be a correspondence which associates an equivalence class
s(δ) = [A
x
// B
y
// C]
to any E-extension δ ∈ E(C,A). This s is called a realization of E, if it makes the diagrams
in [30, Definition 2.9] commutative. A triplet (C,E, s) is called an extriangulated category if it
satisfies the following conditions.
(1) E : Cop × C → Ab is an additive bifunctor.
(2) s is an additive realization of E.
(3) E and s satisfy the compatibility conditions in [30, Definition 2.12].
Remark 2.1. Note that both exact categories and triangulated categories are extriangulated
categories (see [30, Example 2.13]) and extension closed subcategories of extriangulated categories
are again extriangulated (see [30, Remark 2.18]). Moreover, there exist extriangulated categories
which are neither exact categories nor triangulated categories (see [30, Proposition 3.30], [39,
Example 4.14] and [24, Remark 3.3]).
We will use the following terminology.
Definition 2.2. (see [30, Definitions 2.15 and 2.19]) Let (C,E, s) be an extriangulated category.
(1) A sequence A
x
// B
y
// C is called a conflation if it realizes some E-extension
δ ∈ E(C,A). In this case, x is called an inflation and y is called a deflation.
(2) If a conflation A
x
// B
y
// C realizes δ ∈ E(C,A), we call the pair (A
x
// B
y
// C, δ)
an E-triangle, and write it in the following.
A
x
// B
y
// C
δ
//❴❴❴
We usually do not write this “δ” if it is not used in the argument.
(3) Let A
x
// B
y
// C
δ
//❴❴❴ and A′
x′
// B′
y′
// C ′
δ′
//❴❴❴ be any pair of E-triangles.
If a triplet (a, b, c) realizes (a, c) : δ → δ′, then we write it as
A
x
//
a

B
y
//
b

C
c

δ
//❴❴❴
A′
x′
// B′
y′
// C ′
δ′
//❴❴❴
and call (a, b, c) a morphism of E-triangles.
The following condition is analogous to the weak idempotent completeness in exact category
(see [30, Condition 5.8]).
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Condition 2.3. (Condition (WIC)) Consider the following conditions.
(1) Let f ∈ C(A,B), g ∈ C(B,C) be any composable pair of morphisms. If gf is an inflation,
then so is f .
(2) Let f ∈ C(A,B), g ∈ C(B,C) be any composable pair of morphisms. If gf is a deflation,
then so is g.
Example 2.4. (1) If C is an exact category, then Condition (WIC) is equivalent to C is weakly
idempotent complete (see [11, Proposition 7.6]).
(2) If C is a triangulated category, then Condition (WIC) is automatically satisfied.
Lemma 2.5. (see [30, Proposition 3.15]) Assume that (C,E, s) is an extriangulated category.
Let C be any object, and let A1
x1
// B1
y1
// C
δ1
//❴❴❴ and A2
x2
// B2
y2
// C
δ2
//❴❴❴ be any
pair of E-triangles. Then there is a commutative diagram in C
A2
m2

A2
x2

A1
m1
// M
e2

e1
// B2
y2

A1
x1
// B1
y1
// C
which satisfies s(y∗2δ1) = [A1
m1
// M
e1
// B2] and s(y
∗
1δ2) = [A2
m2
// M
e2
// B1] .
The following definitions are quoted verbatim from [24, Section 3]. A class of E-triangles ξ is
closed under base change if for any E-triangle
A
x
// B
y
// C
δ
//❴❴❴ ∈ ξ
and any morphism c : C ′ → C, then any E-triangle A
x′
// B′
y′
// C ′
c∗δ
//❴❴❴ belongs to ξ.
Dually, a class of E-triangles ξ is closed under cobase change if for any E-triangle
A
x
// B
y
// C
δ
//❴❴❴ ∈ ξ
and any morphism a : A→ A′, then any E-triangle A′
x′
// B′
y′
// C
a∗δ
//❴❴❴ belongs to ξ.
A class of E-triangles ξ is called saturated if in the situation of Lemma 2.5, whenever
A2
x2
// B2
y2
// C
δ2
//❴❴❴ and A1
m1
// M
e1
// B2
y∗
2
δ1
//❴❴❴ belong to ξ, then the E-triangle
A1
x1
// B1
y1
// C
δ1
//❴❴❴
belongs to ξ.
An E-triangle A
x
// B
y
// C
δ
//❴❴❴ is called split if δ = 0. It is easy to see that it is
split if and only if x is section or y is retraction. The full subcategory consisting of the split
E-triangles will be denoted by ∆0.
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Definition 2.6. (see [24, Definition 3.1]) Let ξ be a class of E-triangles which is closed under
isomorphisms. Then ξ is called a proper class of E-triangles if the following conditions hold:
(1) ξ is closed under finite coproducts and ∆0 ⊆ ξ.
(2) ξ is closed under base change and cobase change.
(3) ξ is saturated.
Definition 2.7. (see [24, Definition 4.1]) An object P ∈ C is called ξ-projective if for any
E-triangle
A
x
// B
y
// C
δ
//❴❴❴
in ξ, the induced sequence of abelian groups 0 // C(P,A) // C(P,B) // C(P,C) // 0 is
exact. Dually, we have the definition of ξ-injective.
We denote by P(ξ) (resp. I(ξ)) the class of ξ-projective (resp. ξ-injective) objects of C. It
follows from the definition that this subcategory P(ξ) and I(ξ) are full, additive, closed under
isomorphisms and direct summands.
An extriangulated category (C,E, s) is said to have enough ξ-projectives (resp. enough ξ-
injectives) provided that for each object A there exists an E-triangle K // P // A //❴❴❴
(resp. A // I // K //❴❴❴ ) in ξ with P ∈ P(ξ) (resp. I ∈ I(ξ)).
The ξ-projective dimension ξ-pdA of A ∈ C is defined inductively. If A ∈ P(ξ), then define
ξ-pdA = 0. Next if ξ-pdA > 0, define ξ-pdA ≤ n if there exists an E-triangle K → P → A 99K
in ξ with P ∈ P(ξ) and ξ-pdK ≤ n − 1. Finally we define ξ-pdA = n if ξ-pdA ≤ n and
ξ-pdA  n− 1. Of course we set ξ-pdA =∞, if ξ-pdA 6= n for all n ≥ 0.
Dually we can define the ξ-injective dimension ξ-idA of an object A ∈ C.
Definition 2.8. (see [24, Definition 4.4]) A ξ-exact complex X is a diagram
· · · // X1
d1
// X0
d0
// X−1 // · · ·
in C such that for each integer n, there exists an E-triangle Kn+1
gn
// Xn
fn
// Kn
δn
//❴❴❴ in
ξ and dn = gn−1fn.
Definition 2.9. (see [24, Definition 4.5]) Let W be a class of objects in C. An E-triangle
A // B // C //❴❴❴
in ξ is called to be C(−,W)-exact (resp. C(W,−)-exact) if for anyW ∈ W, the induced sequence
of abelian groups 0 // C(C,W ) // C(B,W ) // C(A,W ) // 0 (resp.
0 // C(W,A) // C(W,B) // C(W,C) // 0 ) is exact in Ab.
Definition 2.10. (see [24, Definition 4.6]) Let W be a class of objects in C. A complex X is
called C(−,W)-exact (resp. C(W,−)-exact) if it is a ξ-exact complex
· · · // X1
d1
// X0
d0
// X−1 // · · ·
in C such that there is a C(−,W)-exact (resp. C(W,−)-exact) E-triangle
Kn+1
gn
// Xn
fn
// Kn
δn
//❴❴❴
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in ξ for each integer n and dn = gn−1fn.
A ξ-exact complex X is called complete P(ξ)-exact (resp. complete I(ξ)-exact) if it is
C(−,P(ξ))-exact (resp. C(I(ξ),−)-exact).
Definition 2.11. (see [24, Definition 4.7]) A complete ξ-projective resolution is a complete P(ξ)-
exact complex
P : · · · // P1
d1
// P0
d0
// P−1 // · · ·
in C such that Pn is ξ-projective for each integer n. Dually, a complete ξ-injective coresolution
is a complete I(ξ)-exact complex
I : · · · // I1
d1
// I0
d0
// I−1 // · · ·
in C such that In is ξ-injective for each integer n.
Definition 2.12. (see [24, Definition 4.8]) Let P be a complete ξ-projective resolution in C. So
for each integer n, there exists a C(−,P(ξ))-exact E-triangle Kn+1
gn
// Pn
fn
// Kn
δn
//❴❴❴ in
ξ. The objects Kn are called ξ-Gprojective for each integer n. Dually if I is a complete ξ-injective
coresolution in C, there exists a C(I(ξ),−)-exact E-triangle Kn+1
gn
// In
fn
// Kn
δn
//❴❴❴ in ξ
for each integer n. The objects Kn are called ξ-Ginjective for each integer n.
We denote by GP(ξ) (resp. GI(ξ)) the class of ξ-Gprojective (resp. ξ-Ginjective) objects. It
is obvious that P(ξ) ⊆ GP(ξ) and I(ξ) ⊆ GI(ξ).
3. ξ-complete cohomology
In this section, we study ξ-complete cohomology groups of objects in an extriangulated cate-
gory C. At first, we need the following definition.
Definition 3.1. (see [25, Definition 3.1]) Let M be an object in C. A ξ-projective resolution
of M is a ξ-exact complex P → M such that Pn ∈ P(ξ) for all n ≥ 0. Dually, a ξ-injective
coresolution of M is a ξ-exact complex M → I such that In ∈ I(ξ) for all n ≤ 0.
Using standard arguments from relative homological algebra, one can prove the following
version of the comparison theorem for ξ-projective resolutions (resp. ξ-injective coresolutions).
Lemma 3.2. Let M and N be objects in C.
(1) If fM : PM // M and fN : PN // N are ξ-projective resolutions of M and N ,
respectively, then for each morphism µ :M → N , there exists a morphism µ˜, unique up
to homotopy, making the following diagram
PM
fM
//
µ˜

M
µ

PN
fN
// N
commute. If µ is an isomorphism, then µ˜ is a homotopy equivalence.
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(2) If gM : M // IM and gN : N // IN are ξ-injective coresolutions of M and N ,
respectively, then for each morphism ν : M → N , there exists a morphism ν˜, unique up
to homotopy, making the following diagram
M
gM
//
ν

IM
ν˜

N
gN
// IN
commute. If ν is an isomorphism, then ν˜ is a homotopy equivalence.
We denote by Ch(C) the category of complexes in C; the objects are complexes and morphisms
are chain maps. We write the complexes homologically, so an object X of Ch(C) is of the form
X := · · · // Xn+1
dX
n+1
// Xn
dXn
// Xn−1 // · · · .
Assume that X and Y are complexes in Ch(C). A homomorphism ϕ : X // Y of degree
n is a family (ϕi)i∈Z of morphisms ϕi : Xi // Yi+n for all i ∈ Z. In this case, we set
|ϕ| = n. All such homomorphisms form an abelian group, denoted by C(X,Y)n, which is
identified with
∏
i∈Z C(Xi, Yi+n). We let C(X,Y) be the complex of abelian groups with nth
component C(X,Y)n and differential d(ϕi) = d
Y
i+nϕi − (−1)
nϕi−1d
X
i for ϕ = (ϕi) ∈ C(X,Y)n.
We refer to [6, 19] for more details.
Remark 3.3. Let M and N be objects in C.
(1) Note that there are two ξ-projective resolutions PM // M and PN // N of M
and N , respectively. A homomorphism β ∈ C(PM ,PN ) is bounded above if βi = 0 for
all i≫ 0. The subset C(PM ,PN ), consisting of all bounded above homomorphisms, is a
subcomplex with components
C(PM ,PN )n = {(ϕi) ∈ C(PM ,PN )n | ϕi = 0 for all i≫ 0}.
We set
C˜(PM ,PN ) = C(PM ,PN )/C(PM ,PN ).
(2) Note that there are two ξ-injective coresolutions M // IM and N // IN of M
and N , respectively. A homomorphism β ∈ C(IM , IN ) is bounded below if βi = 0 for
all i ≪ 0. The subset C(IM , IN ), consisting of all bounded below homomorphisms, is a
subcomplex with components
C(IM , IN )n = {(ϕi) ∈ C(IM , IN )n | ϕi = 0 for all i≪ 0}.
We set
C˜(IM , IN ) = C(IM , IN )/C(IM , IN ).
Definition 3.4. Let M and N be objects in C, and let n be an integer.
(1) Using ξ-projective resolutions, we define the nth ξ-complete cohomology group, denoted
by ξ˜xt
n
P(M,N), as
ξ˜xt
n
P(M,N) = H
n(C˜(PM ,PN )),
where C˜(PM ,PN ) is the complex defined in Remark 3.3(1).
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(2) Using ξ-injective coresolutions, we define the nth ξ-complete cohomology group, denoted
by ξ˜xt
n
I(M,N), as
ξ˜xt
n
I(M,N) = H
n(C˜(IM , IN )),
where C˜(IM , IN ) is the complex defined in Remark 3.3(2).
Remark 3.5. By Lemma 3.2, one can see that ξ˜xt
n
P(−,−) and ξ˜xt
n
I(−,−) are cohomological
functors for any integer n ≥ 0, independent of the choice of ξ-projective resolutions and ξ-
injective coresolutions, respectively.
Definition 3.6. (see [25, Definition 3.2]) Let M and N be objects in C.
(1) If we choose a ξ-projective resolution P // M of M , then for any integer n ≥ 0, the
ξ-cohomology groups ξxtn
P(ξ)(M,N) are defined as
ξxtnP(ξ)(M,N) = H
n(C(P, N)).
(2) If we choose a ξ-injective coresolution N // I of N , then for any integer n ≥ 0, the
ξ-cohomology groups ξxtn
I(ξ)(M,N) are defined as
ξxtnI(ξ)(M,N) = H
n(C(M, I)).
Remark 3.7. By Lemma 3.2, one can see that ξxtnP(ξ)(−,−) and ξxt
n
I(ξ)(−,−) are cohomological
functors for any integer n ≥ 0, independent of the choice of ξ-projective resolutions and ξ-
injective coresolutions, respectively. In fact, with the modifications of the usual proof, one obtains
the isomorphism ξxtn
P(ξ)(M,N)
∼= ξxtnI(ξ)(M,N), which is denoted by ξxt
n
ξ (M,N).
Lemma 3.8. Let M and N be objects in C.
(1) If f : P // M and g : Q // N are ξ-projective resolutions of M and N , respec-
tively, then we have
ξxtnξ (M,N) = H
n(C(P,Q))
for each integer n ≥ 1.
(2) If f ′ :M // I and g′ : N // J are ξ-injective coresolutions of M and N , respec-
tively, then we have
ξxtnξ (M,N) = H
n(C(I,J))
for each integer n ≥ 1.
Proof. We only prove (1) and the proof of (2) is similar. Since g : Q // N is a ξ-projective
resolution N , we have that the mapping cone
Cone(g) := · · · → Q1 → Q0 → N → 0
is a ξ-exact complex. Note that P := · · · → P1 → P0 → 0 is a complex such that Pi is ξ-
projective for any i ≥ 0. Then C(P,Cone(g)) is an exact complex and the proof is similar to
[18, Lemma 2.4]. Since C(P,Cone(g)) ∼= Cone(C(P, g)), we get that Cone(C(P, g)) is an exact
complex. So ξxtnξ (M,N) = H
n(C(P, N)) ∼= Hn(C(P,Q)) for each integer n ≥ 1. This completes
the proof. 
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Recall from [25, Definition 4.1] that a full subcategory X ⊆ C is called a generating subcategory
of C if for all M ∈ C, C(X ,M) = 0 implies that M = 0. Dually, a full subcategory Y ⊆ C is
called a cogenerating subcategory of C if for all N ∈ C, C(N,Y) = 0 implies that N = 0.
Lemma 3.9. Let M be an object in C and n a non-negative integer.
(1) If P(ξ) is a generating subcategory of C, then ξ-pdM ≤ n if and only if ξxtn+1ξ (M,N) = 0
for any object N in C.
(2) If I(ξ) is a cogenerating subcategory of C, then ξ-idM ≤ n if and only if ξxtn+1ξ (N,M) =
0 for any object N in C.
Proof. The proofs are similar to [7, Proposition 4.17]. 
We are now in a position to prove the main result of this section.
Theorem 3.10. Let M be an object in C.
(1) If P(ξ) is a generating subcategory of C, then the following are equivalent:
(a) ξ-pdM <∞;
(b) ξ˜xt
i
P(M,N) = 0 for any integer i ∈ Z and any object N in C;
(c) ξ˜xt
i
P(N,M) = 0 for any integer i ∈ Z and any object N in C;
(d) ξ˜xt
0
P(M,M) = 0.
(2) If I(ξ) is a cogenerating subcategory of C, then the following are equivalent:
(a) ξ-idM <∞;
(b) ξ˜xt
i
I(N,M) = 0 for all integer i ∈ Z and any object N in C;
(c) ξ˜xt
i
I(M,N) = 0 for all integer i ∈ Z and any object N in C;
(d) ξ˜xt
0
I(M,M) = 0.
Proof. We prove part (1); the proof of (2) is dual. (a) ⇒ (b). Since ξ-pdM < ∞, there is a ξ-
projective resolution ofM , say PM , with (PM )i = 0 for all i≫ 0. Hence C(PM ,−) = C(PM ,−),
so ξ˜xt
i
P(M,N) = 0 for all integer i ∈ Z and any object N in C.
(b)⇒ (d) is trivial.
(d)⇒ (a). Let PM // M be a ξ-projective resolution of M . Then we have
idPM + C(PM ,PM )0 ∈ Z0(C˜(PM ,PM )).
Note that ξ˜xt
0
P(M,M) = 0 by hypothesis, then we have
idPM + C(PM ,PM )0 ∈ B0(C˜(PM ,PM )).
Hence there is a ϕ ∈ C(PM ,PM )1 such that
idPM − d
C(PM ,PM )(ϕ) ∈ C(PM ,PM )0.
Consequently, there is ψ ∈ C(PM ,PM )0 such that idPM−ψ = d
C(PM ,PM )(ϕ). Since ψ is bounded
above, (idPM − ψ)j is the identity morphism on (PM )j for all j ≫ 0. Let m be an integer such
that dPMs+1ϕs+ϕs−1d
PM
s = id(PM )s for any s ≥ m. It is easy to check that ξxt
m+1
ξ (M,N) = 0 for
any object N in C, which deduces ξ-pdM ≤ m by Lemma 3.9(1).
The implications of (a)⇒ (c)⇒ (d) can be proved similarly. 
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Assume that (T ,Σ,∆) is a compactly generated triangulated category, where Σ is the suspen-
sion functor and ∆ is the triangulation. It follows from Krause [27] and Beligiannis [7] that the
class ξ of pure triangles (which is induced by the compact objects) is proper and T has enough
ξ-projectives or ξ-injectives. Moreover, the object X ∈ P(ξ) is called the pure-projective (see [27,
Definition 1.2(2)]). Following Beligiannis [7], we set ξ-gl.dimT = sup{ξ-pdM | for any M ∈ T }.
As a corollary of Theorem 3.10, we have the following.
Corollary 3.11. Let (T ,Σ,∆) be a compactly generated triangulated category. Then the fol-
lowing are equivalent:
(1) ξ-gl.dimT <∞;
(2) ξ˜xt
i
P(M,N) = 0 for any integer i ∈ Z and all objects M and N in T ;
(3) ξ˜xt
0
P(M,M) = 0 for any object M in T .
Let R be a ring. Assume that X is a class of left R-modules. For a left R-module M , write
M ∈ ⊥∞X (resp., M ∈ ⊥X ) if Ext≥1R (M,X) = 0 (resp., Ext
1
R(M,X) = 0) for each X ∈ X .
Dually, we can define M ∈ X⊥∞ and M ∈ X⊥. Given a left R-module M , we denote by AddM
(resp. addM) the class of all modules that are isomorphic to direct summands of direct sums
(resp. finite direct sums) of copies of M .
Recall that a left R-module G is tilting [1, 16] provided that the following hold:
(T1) G has finite projective dimension.
(T2) ExtiR(G,G
(λ)) = 0 for each i ≥ 1 and for every cardinal λ.
(T3) There is a long exact sequence 0 → R→ G0 → · · · → Gr → 0 with Gi ∈ AddT for 0 ≤
i ≤ r, where r is the projective dimension of G.
Moreover, a left R-module ω is said to be a Wakamatsu tilting module [28, 34] if it has the
following properties:
(W1) there exists an exact sequence · · · → Pi → · · · → P0 → ω → 0 with Pi finitely generated
and projective for each i ≥ 0;
(W2) ExtiR(ω, ω) = 0 for each i ≥ 1;
(W3) there exists an exact sequence 0 → R → ω0
f0
−→ · · · → ωi
fi
−→ · · · with ωi ∈ addω and
ker(fi) ∈
⊥∞ω for each i ≥ 0.
It is still an open problem whether a Wakamatsu tilting R-module of finite projective dimen-
sion must be a tilting R-module whenever R is an Artin algebra. This is known as Wakamatsu
Tilting Conjecture (see [9, Chapter IV]). This conjecture is also related to many other homo-
logical conjectures and attract many algebraists, see for instance [9, 26, 28, 35, 37].
Denote by FP∞ the class of left R-modules possessing a projective resolution consisting of
finitely generated modules. Therefore, we have the following corollary which is a consequence
of Theorem 3.10.
Corollary 3.12. Let R be a ring and ω a Wakamatsu tilting left R-module with finite projective
dimension. Fix an exact sequence 0→ R→ ω0
f0
−→ · · · → ωi
fi
−→ · · · with ωi ∈ addω and ker(fi)
∈ ⊥∞ω for i ≥ 0. If we set A =
⊕
i≥0
ker(fi), then the following are equivalent:
(1) ω is a tilting module;
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(2) A has finite projective dimension;
(3) ξ˜xt
i
P(A,N) = 0 for any integer i ∈ Z and any left R-module N ;
(4) ξ˜xt
i
P(N,A) = 0 for any integer i ∈ Z and any left R-module N ;
(5) ξ˜xt
0
P(A,A) = 0.
Proof. (1)⇒ (2) holds by the proof of (1)⇒(2) in [35, Theorem 4.4].
(2)⇒ (1). Note that ker(fi) ∈ FP∞ for any i ≥ 0 by [12, Theorem 1.8]. It follows from [22,
Lemma 3.1.6] that A⊥∞ is closed under direct sums. Since A has finite projective dimension,
each module M in ⊥(A⊥∞) has finite projective dimension by [35, Lemma 2.2(2)]. If we set
KA =
⊥(A⊥∞) ∩ A⊥∞ , then there is a tilting R-module T such that KA = AddT by [35,
Theorem 1.1]. So (1) holds by [35, Corollary 4.5].
(2)⇔ (3)⇔ (4)⇔ (5) follow from Theorem 3.10. 
Let Λ be an Artin algebra. Denote by GP(Λ) the class of Gorenstein projective left Λ-
modules and by GI(Λ) the class of Gorenstein injective left Λ-modules. Recall from Beligiannis
and Krause [8] that Λ is called virtually Gorenstein if GP(Λ)⊥ = ⊥GI(Λ). It is not hard to
check that for any virtually Gorenstein algebra Λ, an exact sequence 0 → X → Y → Z → 0
of left Λ-modules is HomΛ(GP(Λ),−)-exact if and only if it is HomΛ(−,GI(Λ))-exact. By [36,
Theorem 2.2], we have an exact category (ModΛ, ε), where ModΛ is the class of left Λ-modules
and ε is the class of HomΛ(GP(Λ),−)-exact sequences 0→ X → Y → Z → 0 of left Λ-modules.
We refer to [15, 20, 38] for a more discussion on this matter.
On the other hand, it follows from [17, Theorem 12.3.1] that Λ is Gorenstein if and only if
every left Λ-module has finite Gorenstein projective dimension. Note that a virtually Gorenstein
algebra is not Gorenstein in general by [8, 4.3, p.560]. By Theorem 3.10, we have the following
corollary which characterizes when a virtually Gorenstein algebra is Gorenstein.
Corollary 3.13. Let Λ be a virtually Gorenstein algebra. If we assume that C is the exact
category (ModΛ, ε) and ξ = ε is the class of HomΛ(GP(Λ),−)-exact sequences of left Λ-modules
0→ X → Y → Z → 0, then the following are equivalent:
(1) Λ is Gorenstein;
(2) ξ˜xt
i
P(M,N) = 0 for any integer i ∈ Z and all left Λ-modules M and N ;
(3) ξ˜xt
0
P(M,M) = 0 for any left Λ-module M ;
(4) ξ˜xt
i
I(M,N) = 0 for any integer i ∈ Z and all left Λ-modules M and N ;
(5) ξ˜xt
0
I(M,M) = 0 for any left Λ-module M .
4. ξ-complete cohomology for objects with finite ξ-Gprojective dimension
Recall from [24] that the ξ-Gprojective dimension ξ-GpdM of an object M ∈ C is defined
inductively. If M ∈ GP(ξ) then define ξ-GpdM = 0. Next by induction, for an integer n > 0,
put ξ-GpdM ≤ n if there exists an E-triangle K // G // M //❴❴❴ in ξ with G ∈ GP(ξ)
and ξ-GpdK ≤ n− 1.
We define ξ-GpdM = n if ξ-GpdM ≤ n and ξ-GpdM  n − 1. If ξ-GpdM 6= n for all n ≥ 0,
we set ξ-GpdM =∞.
The following observation is useful in this section.
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Lemma 4.1. Let A
f
// B
g
// C
δ
//❴❴❴ be an E-triangle in ξ. For any morphism α : B →
D, there exists an E-triangle in ξ
A
[
−αf
f
]
// D ⊕B
[
1 α
0 g
]
// D ⊕ C
[0 1]
∗
δ
//❴❴❴ .
Proof. It follows from [24, Lemma 3.7(2)] that there exists an E-triangle
A
[
0
f
]
// D ⊕B
[
1 0
0 g
]
// D ⊕ C
[0 1]
∗
δ
//❴❴❴ .
Moreover, it is an E-triangle in ξ because ξ is closed under base change. It is easy to check that
the following is a commutative diagram.
D ⊕B [1 0
0 g
]
%%❑
❑❑
❑❑
❑❑
❑❑
[
1 −α
0 1
]
∼=

A
[
−αf
f
]
##❋
❋❋
❋❋
❋❋
❋❋
[
0
f
]
;;①①①①①①①①①
D ⊕ C
D ⊕B
[
1 α
0 g
]
99sssssssss
Hence A
[
−αf
f
]
// D ⊕B
[
1 α
0 g
]
// D ⊕ C
[0 1]
∗
δ
//❴❴❴ is an E-triangle in ξ. 
Lemma 4.2. (see [24, Proposition 4.13(2)]) Let f : A→ B and g : B → C be morphisms in C.
If the composition gf is a ξ-deflation, then g is a ξ-deflation.
Definition 4.3. Let M ∈ C be an object. A ξ-complete resolution of M is a diagram
T
ν
// P
pi
// M
of morphisms of complexes satisfying: (1) pi : P→M is a ξ-projective resolution of M ; (2) T is
a complete P(ξ)-exact complex; (3) ν : T→ P is a morphism such that νi = idTi for all i≫ 0.
A ξ-complete resolution is split if νi has a section (i.e., there exists a morphism ηi : Pi → Ti
such that νiηi = idPi) for all i ∈ Z.
The following proposition characterizes when an object in C admits a ξ-complete resolution.
Proposition 4.4. Let M be an object in C. Then the following are equivalent for any non-
negative integer n:
(1) ξ-GpdM ≤ n;
(2) M has a ξ-complete resolution T
ν
// P
pi
// M such that νi is an isomorphism for
each i ≥ n;
(3) M has a split ξ-complete resolution S
µ
// P
pi
// M such that µi is an isomorphism
for each i ≥ n.
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Proof. (1) ⇒ (2). By hypothesis, we set ξ-GpdM ≤ n and consider a ξ-projective resolution
pi : P→M , where
P : · · · → Pn → · · · → P1 → P0 → 0.
For any integer i ∈ Z, there are E-triangles Ki // Pi // Ki−1 //❴❴❴ in ξ, where Ki is
called an ith ξ-syzygy of M . It follows from [24, Proposition 5.2] that the nth ξ-syzygy Kn is
in GP(ξ). So there exists a complete P(ξ)-exact complex of Kn
Q : · · · // Q1
d1
// Q0
d0
// Q−1 // · · ·
with Kn // Qn−1 // K
′
n−1
//❴❴❴ in ξ. Then the ξ-projective resolution P of M and the
complete P(ξ)-exact complex Q of Kn can be put together in a commutative diagram
T := · · · // Pn // Qn−1 //
νn−1

· · · // Q1 //
ν1

Q0
ν0

// Q−1
ν−1

// · · ·
P := · · · // Pn // Pn−1 // · · · // P1 // P0 // 0 // · · · .
Since the upper row is C(−,P(ξ))-exact, the vertical maps can be constructed inductively, start-
ing from Kn. So T
ν
// P
pi
// M is a ξ-complete resolution of M such that νi is an isomor-
phism for all i ≥ n.
(2) ⇒ (3). Note that M has a ξ-complete resolution T
ν
// P
pi
// M such that νi is an
isomorphism for each i ≥ n by (2). Then we have the following morphism of E-triangles in ξ
Kn
g′
n−1
// Qn−1
f ′
n−1
//
νn−1

K ′n−1
ωn−1

ρn−1
//❴❴❴
Kn
gn−1
// Pn−1
fn−1
// Kn−1
δn−1
//❴❴❴
Moreover, for any integer i < n, we have the following morphism of E-triangles in ξ
K ′i
ωi

g′
i−1
// Qi−1
f ′
n−1
//
νi−1

K ′n−1
ωi−1

ρi−1
//❴❴❴
Ki
gi−1
// Pi−1
fi−1
// Ki−1
δi−1
//❴❴❴
By Lemma 4.1, there is an E-triangle in ξ
Kn
[
−gn−1
g′
n−1
]
// Pn−1 ⊕Qn−1
[
1 νn−1
0 f ′
n−1
]
// Pn−1 ⊕K
′
n−1
[0 1]
∗
ρn−1
//❴❴❴
Since the morphism [1 0] : Pn−1 ⊕K
′
n−1 → Pn−1 is a split epimorphism, and it is a ξ-deflation.
Hence [1 νn−1] = [1 0]
[
1 νn−1
0 f ′
n−1
]
: Pn−1 ⊕ Qn−1 → Pn−1 is a ξ-deflation by [24, Corollary 3.5].
It follows from [24, Lemma 3.7(2)] that Kn
[
0
g′
n−1
]
// Pn−1 ⊕Qn−1
[
1 0
0 f ′
n−1
]
// Pn−1 ⊕K
′
n−1
[0 1]
∗
ρn−1
//❴❴❴
is an E-triangle in ξ. Note that
[
0
1
]∗
[fn−1 ωn−1]
∗
δn−1 = ([fn−1 ωn−1]
[
0
1
]
)∗δn−1 = ω
∗
n−1δn−1 =
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ρn−1 =
[
0
1
]∗
[0 1]∗ρn−1 and
[
1
0
]∗
[fn−1 ωn−1]
∗
δn−1 = ([fn−1 ωn−1]
[
1
0
]
)∗δn−1 = f
∗
n−1δn−1 = 0 =[
1
0
]∗
[0 1]∗ρn−1, which implies that [fn−1 ωn−1]
∗ δn−1 = [0 1]
∗ ρn−1. Hence we have the following
morphism of E-triangles in ξ
Kn
[
0
g′
n−1
]
// Pn−1 ⊕Qn−1
[1 νn−1]

[
1 0
0 f ′
n−1
]
// Pn−1 ⊕K
′
n−1
[fn−1 ωn−1]

[0 1]
∗
ρn−1
//❴❴❴
Kn
gn−1
// Pn−1
fn−1
// Kn−1
δn−1
//❴❴❴❴❴
Since K ′n−1 is ξ-Gprojective, the upper row is C(−,P(ξ))-exact by [24, Lemma 4.10(2)]. Since
[fn−1 ωn−1]
[
1 0
0 f ′
n−1
]
= fn−1 [1 νn−1]
is a ξ-deflation, it follows from Lemma 4.2 that the morphism [fn−1 ωn−1] is also a ξ-deflation.
Dual to [24, Lemma 3.7(2)], there exists an E-triangle
Pn−1 ⊕K
′
n−1
[
1 0
0 g′
n−2
]
// Pn−1 ⊕Qn−2
[0 f ′n−2]
// K ′n−2
[
0
1
]
∗
ρn−2
//❴❴❴ ,
which is also in ξ because ξ is closed under cobase change. Since [fn−1 ωn−1]∗
[
0
1
]
∗
ρn−2 =
([fn−1 ωn−1]
[
0
1
]
)∗ρn−2 = ωn−1∗ρn−1 = ω
∗
n−2δn−2, we have the following morphism of E-triangles
in ξ
Pn−1 ⊕K
′
n−1
[fn−1 ωn−1]

[
1 0
0 g′
n−2
]
// Pn−1 ⊕Qn−2
[0 f ′n−2]
//
[dPn−1 νn−2]

K ′n−2
ωn−2

[
0
1
]
∗
ρn−2
//❴❴❴❴❴
Kn−1
gn−2
// Pn−2
fn−2
// Kn−2
δn−2
//❴❴❴❴❴
Similarly, we have the following morphism of E-triangles in ξ
Pn−1 ⊕K
′
n−1
[fn−1 ωn−1]


0 01 0
0 g′
n−2


// Pn−2 ⊕ Pn−1 ⊕Qn−2
[
1 0 0
0 0 f ′
n−2
]
//
[1 dPn−1 νn−2]

Pn−2 ⊕K
′
n−2
[fn−2 ωn−2]

[0 1]
∗
[
0
1
]
∗
ρn−2
//❴❴❴❴❴
Kn−1
gn−2
// Pn−2
fn−2
// Kn−2
δn−2
//❴❴❴❴❴❴❴
where the morphisms
[
1 dPn−1 νn−2
]
and
[
fn−2 ωn−2
]
are ξ-deflations and the upper row is
a C(−,P(ξ))-exact E-triangle in ξ. By proceeding in this manner, we set
Si =


Pi i ≥ n
Pn−1 ⊕Qn−1 i = n− 1
Pi ⊕ Pi+1 ⊕Qi i < n− 1
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µi =


1 i ≥ n
[1 νn−1] i = n− 1
[1 dPi+1 νi] 0 ≤ i < n− 1
0 i < 0
Consequently, we get a commutative diagram
S := · · · // Pn // Sn−1 //
µn−1

· · · // S1 //
µ1

S0
µ0

// S−1
µ−1

// · · ·
P := · · · // Pn // Pn−1 // · · · // P1 // P0 // 0 // · · · .
Note that every Si is ξ-projective, and S is obtained by pasting together those E-triangles
Kn // Pn−1 ⊕Qn−1 // Pn−1 ⊕K
′
n−1
//❴❴❴
and
Pi ⊕K
′
i
// Pi−1 ⊕ Pi ⊕Qi−1 // Pi−1 ⊕K
′
i−1
//❴❴❴
for all i < n, then the complex S is ξ-exact and C(−,P(ξ))-exact. Hence we get the desired
ξ-complete resolution S
µ
// P
pi
// M such that µi is a ξ-deflation for every i ∈ Z. So
each µi has a section and S
µ
// P
pi
// M is a split ξ-complete resolution such that µi is an
isomorphism for each i ≥ n, as desired.
(3)⇒ (1) is trivial. 
We are now in a position to prove the following result, which gives a general technique for
computing ξ-complete cohomology of objects with finite ξ-Gprojective dimension.
Theorem 4.5. Let M and N be objects in C. If M has finite ξ-Gprojective dimension, then for
any integer n, there exists an isomorphism
ξ˜xt
n
P(M,N)
∼= Hn(C(S, N)),
where S
µ
// P
pi
// M is a split ξ-complete resolution.
Proof. By Proposition 4.4, there exists a split ξ-complete resolution S
µ
// P
pi
// M of
M such that each µi has a section and µi = idSi for all i ≫ 0. So we have a sequence
X
λ
// S
µ
// P of complexes such that Xi
λi
// Si
µi
// Pi
δi
//❴❴❴ is a split E-triangle for
each i. Let ρ : Q // N be a ξ-projective resolution of N . Applying the functor C(−,Q) to
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the sequence above, we have the following commutative diagram with exact rows and columns:
0

0

0

0 // C(P,Q)

// C(P,Q)

// C˜(P,Q)

// 0
0 // C(S,Q)

// C(S,Q)

// C˜(S,Q)

// 0
0 // C(X,Q)

// C(X,Q)

// C˜(X,Q)

// 0
0 0 0.
Since X is bounded above, C(X,Q) = C(X,Q). For each integer n ∈ Z, we have
Hn(C˜(P,Q)) ∼= Hn(C˜(S,Q)).
Note that S is a ξ-exact complex such that C(S, Q) is exact for all Q ∈ P(ξ). Then C(S,Q) is
exact by [14, Proposition A.2(b)]. Thus
Hn(C(S,Q)) ∼= Hn(C˜(S,Q)),∀n ∈ Z.
Note that ρ : Q // N is a ξ-projective resolution of N . Then for any ξ-projective object
P , C(P, ρ) : C(P,Q) // C(P,N) is a quasi-isomorphism. It is not hard to check that the
morphism C(S, ρ) : C(S,Q) // C(S, N) is a quasi-isomorphism and the proof is similar to
that of Lemma 3.8(1). So
Hn(C(S,Q)) ∼= Hn(C(S, N)),∀n ∈ Z.
Hence for each integer n, we have
Hn(C˜(P,Q)) ∼= Hn(C˜(S,Q)) ∼= Hn(C(S,Q)) ∼= Hn(C(S, N)).
So ξ˜xt
n
P(M,N)
∼= Hn(C(S, N)) for all n ∈ Z. 
Remark 4.6. Assume that C is a triangulated category and ξ is a proper class of triangles
which is closed under suspension (see [7, Section 2.2]). Let M be an object in C with finite ξ-
Gprojective dimension and N an object in C. By Theorem 4.5, one can check that for any integer
n, the complete cohomology group ξ˜xt
n
P(M,N) defined here is exactly the Tate cohomology group
ξ̂xt
n
P(M,N) defined by Asadollahi and Salarian in [3].
Let M be an object in C. It is shown that ξ-GpdM ≤ ξ-pdM , and the equality holds if ξ-
pdM <∞ (see [24, Proposition 5.4]). It seems natural to ask when ξ-GpdM = ξ-pdM provided
that ξ-GpdM < ∞. Motivated by this, we have the following result which is a consequence of
Theorems 3.10 and 4.5.
Corollary 4.7. If P(ξ) is a generating subcategory of C and M is an object in C with finite
ξ-Gprojective dimension, then the following are equivalent:
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(1) ξ-GpdM = ξ-pdM ;
(2) ξ˜xt
i
P(M,N) = 0 for any integer i ∈ Z and any object N in C;
(3) ξ˜xt
i
P(M,N) = 0 for some integer i ∈ Z and any object N in C.
Proof. (1)⇒ (2) holds by Theorem 3.10.
(2)⇒ (3) is trivial.
(3) ⇒ (1). Note that M is an object with finite ξ-Gprojective dimension by hypothesis.
Then there exists an integer m and a split ξ-complete resolution S
µ
// P
pi
// M of M such
that µi is an isomorphism for each i ≥ m. In fact S is a ξ-exact complex such that there is a
C(−,P(ξ))-exact E-triangle in ξ
Ki+1
gi
// Si
fi
// Ki
δi
//❴❴❴
for each integer i and dSi = gi−1fi. By (3), there exists an integer n such that ξ˜xt
n+1
P (M,N) = 0
for any object N in C. It follows from Theorem 4.5 that the following sequence
C(Sn−1,Kn)
C(dSn,Kn)
// C(Sn,Kn)
C(dS
n+1,Kn)
// C(Sn+1,Kn)
is exact. Note that C(dSn+1,Kn)(fn) = fnd
S
n+1 = 0. Then there exists a morphism h : Sn−1 → Kn
such that fn = hd
S
n = hgn−1fn. Let P be any object in P(ξ). Then C(P, fn) is epic. It follows
that C(P, h)C(P, gn−1) = idC(P,Sn). Hence C(P, Sn−1)
∼= C(P,Kn ⊕ Kn−1). Since P(ξ) is a
generating subcategory of C by hypothesis, we get that Sn−1 ∼= Kn ⊕ Kn−1. It follows that
Kn ∈ P(ξ), so Ki ∈ P(ξ) for all i ≥ n. Let s be an integer such that s ≥ max{n, m}. Then
Ks ∈ P(ξ) and ξ-pdM ≤ s. So (1) holds by [24, Proposition 5.4]. This completes the proof. 
We end this paper with the following remark.
Remark 4.8. Using arguments analogous to the ones employed in this section, one may show
that an object M in an extriangulated category (C,E, s) has finite ξ-Ginjective dimension if and
only if M admits a ξ-complete coresolution, which can help us to give a general technique for
computing complete cohomology of objects with finite ξ-Ginjective dimension. The details are
left to the reader.
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